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Abstract 
We theoretically study the electrical transport properties of a single level quantum dot connected to two normal conducting leads, 
which is coupled to the lattice vibrations. We determine the current through the quantum dot in two different situations: time-
independent and time-averaged. In all situations we consider three cases: when there is no electron-phonon interaction, when the 
dot electrons interact with optical phonons or when they interact with acoustic phonons. At finite temperatures we take into account 
the temperature dependence of the chemical potential. We treat the electron-phonon interaction by the canonical transformation 
method. In the case of electron-longitudinal optical phonon interaction the spectrum contains a subpeak. In the case of electron-
acoustic phonon interaction the spectrum is continuous. In the time-averaged situation many parasite peaks appear in the spectrum, 
due to the external time-modulation.  
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1. Introduction 
Today’s manufacturing techniques allow making artificial structures of nanometer sizes with many interesting 
transport properties and many applications in modern electronics [1,2]. Quantum dots were discovered by A. Ekimov 
and A.A. Onushchenko in glass crystals [2]. For these nanostructures exists a quantum confinement for motions of 
particles, charge carriers, in all three spatial directions. This confinement can be caused by the presence of an interface 
between different semiconductor materials, an electrostatic potential applied by contact electrodes or external strains 
[3]. It was shown that the electronic and optical properties of quantum dots strongly depend on their size and shape 
and that the tunnelling effects arise through the barriers [4]. 
An important problem in the study of these structures is the effect of electron-phonon scattering on the tunnelling 
current [1], because these phonon modes (lattice vibrations) can strongly influence the electrical properties of such a 
system. The electron-phonon interaction in the quantum dots has been studied by many groups [1,5-10, 22], mostly 
just for optical phonons in stationary cases. A few groups have investigated interaction of electrons with acoustic 
phonons [10-14]. Generally, the electron-acoustic coupling has two contributions: deformation potential coupling and 
piezo-electric coupling [15]. Most of the study was focused only on the piezo-electric coupling, because most of the 
semiconducting materials exhibit piezoelectricity [16]. Unfortunately, the literature on time-dependent non-
equilibrium transport treated with Green functions is very restricted unlike in stationary cases [17-21]. The majority 
of these works use canonical transformation method for the treatment of electron-phonon interactions [7-10]. 
This work is focused on the description of time-independent and time-averaged electron transport through a 
quantum dot with optical and acoustic phonon interactions.  
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2. Theoretical model 
2.1. Hamiltonian 
We consider a single level quantum dot, which is connected to two normal conducting leads, left (L) and right (R) 
lead, respectively. The dot is also coupled to the lattice vibrations, thus the electrons can interact with these phonon 
modes. The schematic representation of our considered system is presented in Fig. 1. We are interested in the 
determination of time-independent and time-averaged currents flowing from the non-interacting leads to the 
interacting quantum dot. For this we start our calculations with the suppositions made by A.-P. Jahuo et al. [17]. 
 
 
Fig. 1. The schematic diagram of the considered system. The single level quantum dot is connected to two metallic contacts with couplings ΓL 
and ΓR, and the dot electrons interact with the phonon modes. 
We set the bias voltage between the leads as: μL = μ(T) + eV and μR = μ(T), where μL (μR) is the chemical potential 
in contact L (R), and we set the temperatures in the leads to be equal, so TL = TR = T.  In following calculations, we 
consider the temperature dependence of the chemical potential [23]. Next, we omit the spin indices, and neglect the 
electron-electron interaction, thus the total Hamiltonian for the system can be written as [17]: 
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The first term represents the contact Hamiltonian, HC, which describes the electrons in the left and right non-interacting 
metallic leads, where ckα+ and ckα denote the creation and annihilation operators of electrons, k is the wave vector 
(momentum) of the electrons and α labels the channel in the left (L) and right (R) metallic lead. The εkα(t) are the 
single-particle energies of conduction electrons in the leads, and they are time-dependent [17]: 
0( ) ( )t t     k k k   (2) 
where ∆kα(t) is the external time modulation. 
   The second term in the total Hamiltonian is the tunneling Hamiltonian, HT, and describes the coupling of the central 
region (quantum dot) to the contacts. Here Vkα(t) represents the time-dependent tunneling matrix elements. The d+ and 
d represent the creation and annihilation operators of quantum dot electrons. The third term in the expression of the 
total Hamiltonian models the central region, Hcen. The fourth term describes the interaction of an electron with 
phonons, HEP. Mq ≡ M(q) is the electron-phonon coupling constant. We note that the electron-phonon interaction is 
negligible, when |q| > 2π/L, where L is the size of quantum dot. The last term represents the free-phonon contribution, 
Hph. Here ωq is the frequency of the phonon modes. (In the following ℏ=1). 
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2.2. Current Formulas 
The general time-dependent expression for the current which flows from the left contact is [17-19, 24]: 
 ( ' )2( ) ' Im ( , ', ) ( , ') ( ) ( , ')
t
i t t L r
L L
e
J t dt d Tr e t t t t f t t
h
    

        Γ G G  (3) 
where G
r
(t,t’) is the central region Green’s function, and G<(t,t’) represents the lesser Green’s function. fL(ε) is the 
Fermi function in left lead, and ΓL(ε,t’,t) is the level-width function for the left side, which depends on the tunnel 
matrix elements and gives the strength of the tunnel coupling between the left metallic contact and the quantum dot: 
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where ∆kα(t) → ∆α(ε,t) is the external time modulation in a given lead and ρα(ε) is the density of states in the leads and 
Vkα,n(t) ≡ u(t)∙Vα,n(εk) and we will assume that u(t) = 1. The level-width function for right side can be defined in the 
similar way, by replacing the indices L with R. We note that the boldface notation of the level-width function and 
Green functions indicates that they are matrices. We can write an analogous formula for the current, JR(t), which flows 
from the right lead through the right barrier into the quantum dot. The time-independent current is: 
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The only task is the determination of the retarded Green function. The time-averaged current is given by: 
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2.3. Treatment of Electron-Phonon Interaction 
We eliminate the electron-phonon interaction in the total Hamiltonian by applying a canonical transformation 
method [7-10,25-26], which leads to separate the Green function into an electron and phonon part, respectively [16]. 
In this method the electron-phonon coupling can be strong, unlike in the perturbation methods [21]. 
To decouple the electron-phonon interaction we define a new transformed Hamiltonian H̅ = eS∙H∙e-S. For the S 
operator we have [16]: 
 /S d d M a a     q q q qq   (8) 
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Thus, the new transformed Hamiltonian, H̅, can be divided into an electron (H̅el) and phonon (H̅ph) part as H̅ = H̅el + 
H̅ph. The electron part of the transformed Hamiltonian is equal to H̅el ≈ HC + H̅cen + HT, where the new transformed 
central region Hamiltonian is H̅cen = εEP(t)d+ d, with the new single-level dot energy: 
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where ∆ph is the energy shift. The phonon part remains unchanged, so H̅ph = Hph. 
    By ignoring the Fermi sea, for the retarded Green function which is decoupled into an electron (G(r)el(t,t’)) and 
phonon (Gph(t,t’)) part, we can write [7,10,17-18]: 
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where the new operators are del (t) = exp(iH̅el∙t)∙d∙exp(-iH̅el∙t) and Xph (t) = exp(iH̅ph∙t)∙X∙exp(-iH̅ph∙t) with X = exp[-
∑q(Mq/ωq)( a-q+- aq)]. In the wide-band limit the electron part of retarded Green function can be written as [8,10,17-
18]: 
  ( ) 1 1
'
1
( , ') ( ') exp ( ) exp '
2
t
r el L R
EP
t
G t t i t t i dt t t t 
              
  (11) 
The phonon part of retarded Green function is evaluated as [7,10,16,21]: 
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is a time-dependent function, with Nq the average number of phonons. 
2.3.1. Interaction with longitudinal optical phonons 
The optical phonons are polarization waves inside an ionic crystal, thus they correspond to the vibrations of 
oppositely charged ions [26]. 
The electron-phonon coupling constant is given by the relation [16,26-27]: 
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where ε0 is the dielectric constant of vacuum, εr (∞) and εr (0) are the relative dielectric constants at high and law 
frequencies, Ω is the volume of the crystal, and ω0 is the constant angular frequency. 
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2.3.2. Interaction with acoustic phonons 
The dispersion relation of acoustic phonons can be approximated as ω(q) ≈ c∙|q| where c is the speed of sound in 
the medium. The squared modulus of electron-phonon coupling constant can be expressed as [10,12,14]: 
2 2
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M g
L L
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q
q q
  (15) 
Here g is a dimensionless coupling constant and depends on the crystal structure, and Ω is the volume of the crystal. 
3. Calculations and Results 
In this section, we present our results for the transport properties of quantum dot with electron-phonon interaction. 
We note that in order to simplify the numerical calculations we fix the level-width functions of contacts at equal value, 
so ΓL = ΓR = Γ/2 and we measure all energy quantities in unity of Γ = ΓL + ΓR. It is important to note that for all finite 
temperature cases the chemical potential depends on the temperature and we fix εF = 1 Γ. 
3.1. Time-independent current 
3.1.1. Interaction with longitudinal optical phonons 
First, we calculate some important quantities, like the energy shift. We convert the summation over q into an 
integral and we obtain: 
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which is a constant for a given material. The coupling constant is defined as: 
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From these relations we can define another parameter [10], the strength of coupling (β): 
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It is important to note that the strength of coupling is a phonon frequency-dependent quantity. Using the introduced 
parameters, we obtain [7,10,16], at zero temperature: 
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By substituting Eq. (19) in Eq. (5) the conductance can be expressed. At finite temperatures, the retarded Green 
function can be expressed as: 
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where Ip(x) is the pth order modified Bessel function and N0 is the Bose distribution function for the optical phonons. 
 
 
Fig. 2. (a) Conductance as a function of the dot level for different longitudinal optical phonon frequencies at zero temperature. (b) The current as 
a function of the dot level at finite temperatures, where the phonon frequency is ω0 = 2.5 Γ and eV = 1 Γ. In both figures the dashed line indicates 
the case when there is no electron-phonon interaction.  
Fig. 2. a and b show the results obtained for the conductance and current as a function of the dot level. First we 
fixed ω0 = 2.5 Γ and β = 0.9 Γ, then the coupling constant is g ≈ 0.129 and the energy shift became ∆ph ≈ 0.324 Γ. We 
can see that the peak height is suppressed due to presence of electron-phonon interaction (solid lines) and appears a 
subpeak. The subpeak refers to the processes when the electrons emit and absorb phonons virtually [7,10]. This curve 
shows a good similarity with the experimental results [18,28]. It can be seen that the position of the subpeak is 
modified as a function of the phonon frequency. Thus, increasing the frequency, it is shifted to the negative values of 
the dot energy. At finite temperatures (Fig. 2 b.) there are real phonon emission and absorption processes [10]. Unlike 
in the zero temperature case, here the subpeak is suppressed at high values of the temperature. 
3.1.2. Interaction with acoustic phonons 
Now we consider that the electrons interact with acoustic phonons. In the long-wavelength approximation we 
obtain: 
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For the energy shift, defined in (9), in the long-wavelength approximation we find: 
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The retarded Green function becomes: 
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At finite temperatures, we also assume that the wave vector tends to zero. The shift energies remain unchanged. 
Thus, the final Green functions are equal to the results of zero temperature case and therefore we get the same result 
for both, zero and non-zero temperature cases for the Green functions. 
Fig. 3 a. presents the numerical results for the conductance at zero temperature. For the dimensionless coupling 
parameter, g, we have chosen 0.05 for a GaAs type dot [6-7,10]. The speed of sound is c = 3 Γ∙L. We can observe that 
there is no subpeak, which refers to the fact that the spectrum of acoustic phonons is continuous, as expected. Fig. 3 
b. shows the currents as a function of dot energy at different temperatures. It is evident that the peak is suppressed at 
high temperature values. 
 
 
Fig. 3. (a) Conductance as a function of the dot level at zero temperature. (b) Current as a function of dot level at different temperatures for eV = 
1 Γ. In both figures the dashed lines indicate the no electron-phonon interaction cases. 
3.2. Time-averaged current 
We use a similar form for time-dependence of the bias voltage made by A.-P. Jauho et al. [17] for different contacts 
modulations without electron-phonon interaction. The dot energy and the contacts modulations have the time-
dependence: 
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where ω is the external modulation frequency and ∆0, ∆ are the modulation amplitudes of dot and contacts. 
 
3.2.1. Interaction with longitudinal optical phonons 
 
We consider the electrons interacting with optical phonons, at zero temperature. To determine the averaged 
conductance and current, we calculate: 
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At finite temperature the function A(ε,t) is: 
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where Ip(x) is the pth order modified Bessel function and Jr(x) represents the rth order Bessel function. The imaginary 
parts of Eqs. (25) and (26) give the time averaged conductance and current flowing from the left contact to the quantum 
dot. The results are shown in Fig. 4 and Fig. 5.  
 
 
Fig. 4 (a) Conductance from left contact as a function of dot level for different modulation frequencies, when ω0 = 2.5 Γ. The dashed line refers to 
the no interaction case. (b) The current as a function of dot level for different values of the modulation frequency, where the solid lines 
correspond to kBT = 0.1 Γ and the dashed lines to kBT = 0.5 Γ with eV = 1 Γ. 
First, similarly to the stationary case, we fix the phonon frequency at ω0 = 2.5 Γ and β = 0.9 Γ, then the coupling 
constant becomes g ≈ 0.129 and the energy shift is ∆ph ≈ 0.324 Γ. In Fig. 4 a. the conductance from left contact is 
plotted as a function of dot level at zero temperature for different values of the modulation frequency of the contacts. 
It can be seen that, for high modulation frequencies, we get a similar result to the time-independent case, so we can 
observe the subpeak caused by the phonon mode. When ω decreases the subpeak disappears and many parasite peaks 
show up in the spectrum. The Fig. 4 b. shows the current from left contact for different temperatures and in Fig. 5 we 
plotted the conductance and the current from left contact as a function of dot level for fixed modulation frequency and 
different phonon modes. We observe that at low phonon frequencies the subpeak disappears and at high temperatures 
the main maximum is compressed. 
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Fig. 5 (a) Conductance as a function of the dot level for different phonon frequency, when the modulation is ω = 10 Γ. The dashed line indicates 
the case when there is no electron-phonon interaction. (b) Current as a function of dot level for eV = 1 Γ. Solid lines correspond to kBT = 0.1 Γ 
and the dashed lines indicate the case of kBT = 0.5 Γ. In both figures the modulation amplitudes are: ∆0 = 3 Γ, ∆ = 6 Γ. 
3.2.2. Interaction with acoustic phonons 
We have seen that in the case of electron-acoustic phonon interaction it is necessary to make an approximation for 
the wave vectors of phonons. Also, we found that the function ϕ(t-t’) has the same form at zero and non-zero 
temperatures. Thus for the function A(ε,t) we find: 
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Using this relation, we can calculate the conductance and the current for finite temperatures. In Fig. 6 a. the 
conductance is plotted as a function of dot level at zero temperature for different values of the modulation frequency. 
The used parameters are shown in the description of figure. The Fig 6 b. shows the current as a function of dot energy 
for different temperatures. The dashed lines denote the cases when there is no interaction. 
 
 
Fig. 6. (a) Conductance from left contact as a function of the dot level for different modulation frequencies at zero temperature. (b) The current 
from left contact as a function of the dot level for different temperatures when ω = 2.5 Γ with eV = 1 Γ. The dashed lines indicate the no 
interaction cases. In both figures we have: ∆0 = 3 Γ and ∆ = 6 Γ. 
4. Conclusions 
In the present work we have investigated the transport properties of a quantum dot coupled to two metallic leads 
in the presence of electron-phonon interaction. In the case when the dot electrons interact with the longitudinal optical 
phonons in the spectrum appears a subpeak with a position that depends on the phonon frequency. When the dot 
electrons interact with the acoustic phonons the spectrum is continuous for all temperatures. Here we have assumed 
the long wavelength limit for the phonon modes. 
Also, we have studied the time-averaged current at zero and finite temperatures of a single level quantum dot 
coupled to longitudinal optical or acoustic phonon modes. We have established that in all situations many parasite 
peaks appear in the spectrum, due to the external time modulation. In the case of optical phonons, it is very difficult 
to find the respective subpeak. We can observe that the transport properties strongly depend on the time-modulation 
frequency. 
  10 
References 
[1] L.-j. Liu, Y.-t. Du, H. Zhou, Phys. Rev. B 54 (1996) 1953. 
[2] A.I. Ekimov, A.A. Onushchenko, JETP Lett 34(6) (1981) 345-349. 
[3] E. Prati et al., Nanotechnology 23,  (2012) 215204. 
[4] E.U. Rafailov, The Physics and Engineering of Compact Quantum Dot-based Lasers of Biophotonics, WILEY-VCH, Weinheim, 2014. 
[5] N.S. Wingreen, K.W. Jacobsen, J.W. Wilkins, Phys. Rev. Lett. 61 (1988) 1396. 
[6] N.S. Wingreen, K.W. Jacobsen, J.W. Wilkins, Phys. Rev. B 40 (1989) 11834. 
[7] J.-X. Zhu, A.V. Balatsky, Phys. Rev. B 67 (2003) 165326. 
[8] U. Lundin, R.H. McKenzie, Phys. Rev. B 66 (2002) 075303. 
[9] M. Galperin, A. Nitzan, M.A. Ratner, Phys. Rev. B 73 (2006) 045314. 
[10] A. Ueda, M. Eto, Phys. Rev. B 73 (2006) 235353. 
[11] T. Bransden, B. Kramer, Phys. Rev. Lett. 83 (1999) 3021. 
[12] C.B. Duke, G.D. Mahan, Phys. Rev. 139 (1965) A1965. 
[13] H. Bruus, K. Flensberg, H. Smith, Phys. Rev. B 48, 15 (1993) 11144. 
[14] M. Keil, H. Schoeller, Phys. Rev. B 66 (2002) 155314. 
[15] http://people.physik.hu-berlin.de/~zim/nano_08/Phonons_Springer.pdf [Cited: 6/18/2016] 
[16] G.D. Mahan, Many-Particle Physics, third ed., Plenum Press, New York, 2000. 
[17] A.-P. Jauho, N.S. Wingreen, Y. Meir, Phys. Rev. B 50 (1994) 5528. 
[18] H. Haug, A.-P. Jauho, Quantum Kinetics in Transport and Optics of Semiconductors, Springer-Verlag, Berlin, 2008, pp. 196-198; 213-224. 
[19] A.-P. Jauho, (1999), arXiv:cond-mat/9911282v2 
[20] L. Arrachea, Phys. Rev. B 72 (2005) 125349. 
[21] A. Goker, (2010), arXiv:1010.3369 
[22] O. Entin-Wohlman, Y. Imry, A. Aharony, Phys. Rev. B 82, (2010) 115314. 
[23] M.A. Grado-Caffaro, M. Grado-Caffaro, Mod. Phys. Lett. B 20 (2006) 26. 
[24] D.A. Ryndyk, Theory of Quantum Transport at Nanoscale: An Introduction, Springer, Series in Solid-State Sciences 184, 2016, pp. 216-220. 
[25] Z.-Z. Chen, R. Lü, B.-f. Zhu, Phys. Rev. B 71 (2005) 165324. 
[26] J. Sólyom, Fundamentals of the Physics of Solids: Electronic Properties, Vol. 2, Springer-Verlag, Berlin, 2009, pp. 329-350. 
[27] U. Rössler, Solid State Theory: An Introduction, Physica-Verlag, Regensburg, 2009, pp. 231-240.  
[28] V.J. Goldman, D.C. Tsui, J.E. Cunningham, Phys. Rev. B 36 (1987) 7635. 
 
